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A parametric variational principle for van der Waals force simulation between any two adjacent nonbonded atoms and
the corresponding improved quadratic programming method for numerical simulation of mechanical behaviors of carbon
nanotubes are developed. Carbon nanotubes are modeled and computed based on molecular structural mechanics model.
van der Waals force is simulated by the network of bars (called bar network) with a special nonlinear mechanical consti-
tutive law (called generalized parametric constitutive law) in the ﬁnite element analysis. Compared with conventional
numerical methods, the proposed method does not depend on displacement and stress iteration, but on the base exchanges
in the solution of a standard quadratic programming problem. Thus, the model and method developed present very good
convergence behavior in computation and provide accurate predictions of the mechanical behaviors and displacement dis-
tributions in the nanotubes. Numerical results demonstrate the validity and the eﬃciency of the proposed method.
 2006 Elsevier Ltd. All rights reserved.
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Carbon nanotubes have drawn intense research eﬀorts due to their unique mechanical and electronic prop-
erties since their discovery by Iijima (1991). It can be found that van der Waals force (van der Waals, 1873) has
an essential inﬂuence on the unique properties of carbon nanotubes. There have been a great number of
researches on van der Waals force in carbon nanotubes. Using atomic force microscopy, continuum mechan-
ics, and molecular mechanics simulations, Hertel et al. (1998) investigated the strength and eﬀect of surface
van der Waals forces on the shape of multi-walled and single-walled carbon nanotubes. Hertel et al. (1998)0020-7683/$ - see front matter  2006 Elsevier Ltd. All rights reserved.
doi:10.1016/j.ijsolstr.2006.08.025
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radial deformations of adsorbed nanotubes destroying the idealized shape of free tubes. Yoon et al. (2001)
presented a ﬁrst-principles study of the structure of junctions of two crossed (5,5) single-walled carbon nano-
tubes and found the role of van der Waals forces is important in understanding the experimental results on the
crossed-tube junctions conductance. Taking van der Waals interaction into account, Ma et al. (2004) investi-
gated the possibility of abnormal tribological behavior for two surfaces coated with aligned single-walled car-
bon nanotubes via molecular dynamics simulation. Tang et al. (2005a,b) studied the adhesion between two
identical single-walled carbon nanotubes and self-collapse of single-walled carbon nanotubes based on contin-
uum analysis. Their works show the signiﬁcant inﬂuence of van der Waals force on the structural stability of
single-walled carbon nanotubes. Modeling van der Waals force as the nonlinear spring, Liu (2002) studied the
mechanical response of carbon nanotubes. Based on the molecular structural mechanics method, Li and Chou
(2003) reported a study of the elastic behavior of multi-walled carbon nanotubes by simulating van der Waals
force as a nonlinear truss rod model.
Due to that van der Waals interaction exists between any two adjacent nonbonded atoms, there would be a
great number of nonbonded interactions in the nanotube system to be simulated. Although molecular simu-
lations seem well suited to study these interactions, it will suﬀer an expensive computational cost. As shown by
Liu (2002) and Li and Chou (2003), when van der Waals forces are modeled as the nonlinear springs or the
nonlinear truss rods, the available iterative algorithms including arc-length method and generalized displace-
ment control method are necessary to be adopted due to the high nonlinear characteristics of van der Waals
force. This will lead to the problem of high computational cost in the numerical simulation of CNTs. Thus it is
worthwhile to establish a high eﬃciency and good convergence algorithm for van der Waals force simulation
of CNTs.
The objective of the present research is to develop a new model and algorithm for van der Waals force sim-
ulation in CNTs. Based on the work by Zhong et al. (1997), Zhong and Zhang (2002) and Zhang et al. (2004,
2005a,b), a generalized parametric constitutive law for the simulation of van der Waals force between any two
adjacent atoms and the improved quadratic programming method for numerical simulation of mechanical
behaviors of nanostructures are developed. It should be emphasized that the proposed method does not
depend on displacement and stress iteration, but on the base exchanges in the solution of a standard quadratic
programming problem. Therefore, the computational method (Zhang et al., 2005a) with high eﬃciency devel-
oped in computational mathematics can be used to solve the ﬁnal quadratic programming model. Combining
with the molecular structural mechanics given by Li and Chou (2003), several numerical examples of carbon
nanotubes are computed to demonstrate the validity and eﬃciency of the proposed algorithm.
The paper is organized as follows. For completeness of conception, the molecular structural mechanics for
carbon nanotubes presented by Li and Chou (2003) is described brieﬂy in Section 2. Section 3 describes the
van der Waals force represented by Lennard-Jones potential (Lennard-Jones, 1924). Section 4 gives a general-
ized parametric constitutive model of van der Waals force described by Lennard-Jones potential. In Section 5,
an improved mathematical programming method is suggested for numerical simulation of mechanical defor-
mation of carbon nanotubes. Section 6 gives the numerical examples for ﬁnding the equilibrium conﬁguration
of two cross or parallel single-walled carbon nanotubes. Finally, some conclusions on the developed model
and method are given in Section 7.2. Molecular structural mechanics model for SWNTs
As shown by Li and Chou (2003), the main idea of molecular structural mechanics stems from the obser-
vation of the geometrical similarities between nanoscopic carbon nanotubes and macroscopic frame struc-
tures. The covalent bonds are regarded as connecting beam elements between carbon atoms and the atomic
nuclei can be treated as material joints of the beam elements. The covalent bond between carbon atoms as
an equivalent structural beam is modeled by molecular mechanics. Based on the energy equivalence between
local steric potential energies in molecular mechanics and elemental strain energies in structural mechanics,
one can determined the tensile stiﬀness, bending stiﬀness and torsional rigidity for an equivalent beam. That
is to say, one can establish the following relationships:
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L
¼ kr; EIL ¼ kh;
GJ
L
¼ ks ð1Þwhere kr, kh and ks are the molecular force ﬁeld constants of a carbon atomic bond in stretching, bending
and torsion, respectively. These force ﬁeld constants kr, kh are chosen based on the experiment with the
graphite sheets: kr/2 = 469 kcal mol
1 A˚2, kh/2 = 63 kcal mol
1 rad2. The force constant ks is adopted
as ks/2 = 20 kcal mol
1 rad2 (Jorgensen and Severance, 1990; Cornell et al., 1995). EA, EI and GJ are
the cross-sectional properties of a beam element in tension or compression, bending and torsion, respec-
tively. L is the length of the equivalent beam, which is also the bond length. Eq. (1) establishes the foun-
dation of applying the theory of structural mechanics to the modeling of carbon nanotubes. By using the
sectional stiﬀness parameters EA, EI and GJ and the solution procedure of stiﬀness matrix method for
frame structures, the deformation and related elastic behavior of carbon nanotubes at the atomic scale
can be simulated. Here, molecular structural model is adopted to simulate the covalent bond interaction
in SWNTs.3. van der Waals force model
In most of literature, van der Waals force is generally represented in the additive pairwise approximation
with Lennard-Jones potential (Lennard-Jones, 1924). Jagota and Argento (1997) and Argento et al. (1997)
developed an inter-surface stress tensor formulation for molecular interactions (such as van der Waals inter-
action) as body forces or surface tractions of macroscopic bodies. However, Lifshitz (1956) and Ninham and
Parsegian (1970) argued that van der Waals interaction is not pairwise additive and developed the macro-
scopic theory (also called the modern or continuum theory) of van der Waals forces between and within con-
tinuous materials.
In the present paper, the general Lennard-Jones ‘‘6–12’’ potential (Lennard-Jones, 1924) applied widely in
the existing literature is adopted to characterize van der Waals force which is either a repulsion force or an
attraction force and presents long distance behaviors. The general Lennard-Jones ‘‘6–12’’ potential provides
for a smooth transition between the repulsion and the attraction regions. It is assumed that all of the molecules
are held in their mean lattice positions except one which roams in the potential energy cage formed by its
neighbors. The Lennard-Jones potential is expressed asUðrÞ ¼ 4e r
r
 12
 r
r
 6 
ð2Þwhere r is the distance between interacting atoms, e and r are the Lennard-Jones parameters. For carbon
atoms, the Lennard-Jones parameters are e = 0.0556 kcal/mol1 and r = 0.34 nm. The potential U(r) is neg-
ligible when the distance between atoms beyond 2.5r. By use of the derivation of the Lennard-Jones potential
with regard to r, van der Waals force between interacting atoms can be expressed asF ðrÞ ¼  dUðrÞ
dr
¼ 24 e
r
2
r
r
 13
 r
r
 7 
ð3ÞThe variation of van der Waals force with the interatomic distance is illustrated in Fig. 1, from which it can
be found that van der Waals force approaches the max value as r = 0.425 nm and becomes zero as
r = 0.3816 nm. Similar to the Lennard-Jones potential, van der Waals force is usually truncated at an inter-
atomic distance of 2.5r without a signiﬁcant loss of accuracy. Fig. 1 indicates clearly that van der Waals force
between two atoms is highly nonlinear. As shown in the literatures (Liu, 2002; Li and Chou, 2003), van der
Waals force is modeled as a nonlinear spring or truss rod. It can be clearly found that the load–displacement
curve shown in Fig. 2, where the load is applied to overcome van der Waals interaction, is composed of dis-
tinct loading and unloading stages. Particularly, the softening stagy brings us the numerical diﬃculties in the
numerical simulation of the nonlinear behavior of the eﬀective springs or the truss rods. Thus some iterative
algorithms such as arc-length method and generalized displacement control method have been suggested to
overcome the diﬃculties. In the next section, a generalized parametric constitutive model and the correspond-
ing non-iterative algorithm for simulation of the nonlinear behavior of van der Waals force will be presented.
Fig. 1. van der Waals force versus atomic distance.
Fig. 2. Load–displacement curve of the nonlinear truss rod and linearization of van der Waals constitutive curve.
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4.1. Basic theory
The basic theory developed here is illustrated specially by the solution of a bar structure, as shown in
Fig. 3. In this structure, the bar has a diﬀerent stiﬀness in tension and compression as shown in Fig. 4
where F and D indicate the axial force and the displacement, respectively. For simplicity, the nonlinear con-
stitutive with two diﬀerent stiﬀness K(+) and K() is considered. It is assumed that there is K(+) > K(). (For
the case of K(+) < K(), the theory also holds.) The governing equations of the problem can be expressed as
follows:
Balance equationF  P ¼ 0 ð4ÞΔ
P
Fig. 3. One-dimensional structure.
λΔ
F
K(–)
K(+)
F/K(–)
Fig. 4. Nonlinear constitutive model and complementary deformation of a bar.
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ðþÞ; when F > 0
F =KðÞ; when F 6 0
(
ð5ÞAssuming the bar is under compression, the axial force is expressed asF ¼ KðÞD ð6Þ
The total potential energy of the system can be written asP1 ¼ PDþ 1
2
FD ¼ PDþ 1
2
KðÞD2 ð7ÞAccording to the minimum potential energy principleoP1
oD
¼ 0 ð8Þwe can obtainP þ KðÞD ¼ 0 ) P þ F ¼ 0 ð9Þ
which is just the balance equation (4), from which the displacement D can be solved, i.e.D ¼ P
KðÞ
ð10ÞHowever, when the bar is under tension, Eqs. (7) and (8) will no longer hold and the following relationship is
established:D ¼ F
KðÞ
 k ð11Þwhere k is an complementary value of the elongation of the bar. As shown in Fig. 4, k can be expressed ask ¼ F
KðÞ
 F
KðþÞ
ð12ÞFrom Eq. (11), we can deduceF ¼ KðÞðDþ kÞ ð13Þ
Eqs. (11)–(13) hold with kP 0 when the bar is under tension. When the bar is under compression, there is
k = 0, and Eqs. (11) and (13) are still satisﬁed. In this case, Eq. (12) becomes an inequality.
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KðÞ
 F
KðþÞ
 k ð14Þ
then we can ﬁnd
If k > 0, then f ¼ 0 and the bar is under tension.
If k = 0, then f 6 0 and the bar is under compression.
Substitution of Eq. (13) into Eq. (14) yieldsf ¼ f ðD; kÞ=Kþ ð15aÞ
f ðD; kÞ ¼ DðKðþÞ  KðÞÞ  kKðÞ ð15bÞTherefore, the following results can be concluded:k
> 0; f ¼ 0
¼ 0; f 6 0

ð16Þwhich is just the constitutive relationship of the bar.
Introducing the slack variable m into Eq. (16), the constitutive relationship of the bar can be rewritten asf ðD; kÞ þ m ¼ 0
mk ¼ 0; m; kP 0 ð17Þwhere mk = 0 is the complementary condition of the parameters m and k. m,kP 0 is the non-negative condition.
Thus, the following relations can be obtained:
if k = 0, mP 0, then f < 0, the bar is under compression.
if k > 0, m = 0, then f = 0, the bar is under tension.
It is noted that k can be regarded as a control variable which represents a complementary value of the elon-
gation of the bar.
Based on the above deduction, we can establish the corresponding parametric variational principle for the
bar structure. As shown in Fig. 3, for the given value D, the system potential energy can be expressed asP2ðD; kÞ ¼ 1
2
KðÞD2 þ KðÞDkþ 1
2
KðÞk2  PD ð18Þwhere the strain energy of the bar is deﬁned as1
2
F 2=KðÞ ¼ 1
2
KðÞD2 þ KðÞDkþ 1
2
KðÞk2 ð19ÞRemark 1. The parametric variational principle is the application of optimum system control theory to the
unspeciﬁed boundary value problems in continuum mechanics. In this principle, the constitutive relations of
the physical phenomena are taken into account by means of the selection of some proper state and control
variables such as those used in a control system. The parametric variational principle contains two kinds of
state variables in its variational function. The ﬁrst kind are state variables such as the displacements of the
structure (like D in this paper) which will take part in the variation process, whereas the other one is a control
variable such as k in this paper, which is not involved in the variational process, and is determined by the
minimization/maximization of the variational function. On the other hand, the material constitutive relations
work just as a control system in the boundary value problems during the whole variational process.
Since k is not involved in the variational process, to simplify the expression of the system potential energy,
the term K()k2/2 in Eq. (18) can be omitted. Therefore, Eq. (18) can be rewritten as
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2
KðÞD2 þ KðÞDk PD ð20ÞP3[k(•)] denotes that the variable k is not involved in the variation of P3. Variation of P3 with regard to D
yieldsoP3
oD
¼ KðÞðDþ kÞ  P ¼ 0 ð21ÞCombining with the constitutive equation (13) yieldsF  P ¼ 0 ð22Þ
which is identical to Eq. (4). Thus, the balance equation is obtained. Furthermore, to solve the problem by the
quadratic programming method, the governing equations are expressed asmin P3½kðÞ
s:t: f ðD; kÞ þ m ¼ 0
mk ¼ 0; m; kP 0
ð23ÞTo explain the diﬀerences between the parametric variational principle and the classical variational princi-
ple, the variational process corresponding to the classical variational principle is also studied. According to the
classical variational principle, the state and control variables D and k are both involved in the variational pro-
cess. From Eq. (20), it can be obtainedKðÞðDþ kÞ  P ¼ 0 ð24Þ
andk ¼ D ð25Þ
Substituting Eq. (25) into Eq. (24), yields P = 0. Thus, the balance equation can not be obtained through the
classical variational process.
For the further understanding of the theory, the explicit form of (23) is expressed asmin P3½kðÞ ¼ 1
2
KðÞD2 þ KðÞDk PD
s:t: DðKðþÞ  KðÞÞ  kKðÞ þ m ¼ 0
mk ¼ 0; m; kP 0
ð26ÞMinimizing of the ﬁrst equation in (26) with respect to D resultsKðÞDþ KðÞk P ¼ 0 ð27Þ
Solving D from above equation and then substituting it into the second equation in (26), yieldm kKðþÞ ¼  PðKðþÞKðÞÞ
KðÞ
mk ¼ 0; m; kP 0
ð28ÞWhen P 6 0, the solution of (28) isk ¼ 0; m ¼  P ðK
ðþÞ  KðÞÞ
KðÞ
ð29ÞThen displacement and the internal force of the bar are obtained from (27) and (13)D ¼ P
KðÞ
; F ¼ P ð30ÞWhile P > 0, the solution is
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ðþÞ  KðÞÞ
KðþÞKðÞ
ð31ÞandD ¼ P
KðþÞ
; F ¼ P ð32ÞEqs. (30) and (32) are just the solutions of the problem shown in Figs. 3 and 4.4.2. Description of a general nonlinear constitutive relationship for van der Waals force
The main idea of the current research is the linearization of van der Waals curve (Fig. 2) into several
segments. To formulate the eﬃcient solution method, the piecewise linear constitutive relationship in
Fig. 2 is decomposed into completely convex or concave curves. An important diﬀerence from the
common material constitutive relationship is that the load–displacement curve does not pass through
the origin. The horizontal coordinate r0 = 0.3816 is just the bond length at which van der Waals force
is zero. Without loss of generality, we will describe the general nonlinear constitutive laws in terms of
the representative concave and convex curves below. Firstly, as for the representative convex curves
shown in Fig. 5(a) and (b), the following relationships can be established by introducing K1 as a basic
stiﬀness:r ¼ r0 þ FK1 ; when F 1 6 F 6 F 1 ð33Þ
r ¼ r0 þ FK1 þ ðF  F 1Þ
1
K2
 1
K1
 
; when F 1 6 F 6 F 2 ð34Þ
r ¼ r0 þ FK1 þ ðF  F 1Þ
1
K2
 1
K1
 
þ ðF  F 2Þ 1K3 
1
K2
 
; when F 2 6 F 6 F 3 ð35Þ
r ¼ r0 þ FK1 þ ðF  F 1Þ
1
K1
 1
K1
 
; F 1 < 0; when F 6 F 1 ð36Þr
K
-1
K1
K2
K3
F1
F2
F3
F
r0F
-1
K1
K2
F1
F
r0
Fig. 5. A general convex nonlinear constitutive model.
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1
K1
 
; when F P F 1 P 0
k2 ¼ ðF  F 2Þ 1K3 
1
K2
 
; when F P F 2 P 0
  
kN ¼ ðF  F N Þ 1KNþ1 
1
KN
 
; when F P F N P 0
k1 ¼ ðF  F 1Þ 1K1 
1
K1
 
; when F 6 F 1 < 0
k2 ¼ ðF  F 2Þ 1K2 
1
K1
 
; when F 6 F 2 < 0
  
kM ¼ ðF  F MÞ 1KM 
1
KðM1Þ
 
; when F 6 F M < 0
k ¼ k1 þ k2 þ k3 þ    þ kN þ k1 þ k2 þ k3 þ    þ kM
ð37ÞThen, the following conditions are obtained:kP 0; k1 P 0; k2 P 0; k3 P 0; . . . ; kN P 0
k1 P 0; k2 P 0; k3 P 0; . . . ; kM P 0
ð38ÞWith deﬁningf1 ¼ F  F 1  k1H 1
f2 ¼ F  F 2  k2H 2
  
fN ¼ F  F N  kNHN
f1 ¼ F 1  F  k1H1
f2 ¼ F 2  F  k2H2
  
fM ¼ F M  F  kMHM
H 1 ¼ K1K2K1  K2 ; H 2 ¼
K2K3
K2  K3 ; . . . ; HN ¼
KNKNþ1
KN  KNþ1
H1 ¼ K1K1K1  K1 ; H2 ¼
K2K1
K1  K2 ; . . . ; HM ¼
KMKðM1Þ
KðM1Þ  KM
ð39ÞwhereF ¼ K1ðr  r0  kÞ ð40ÞThen the constitutive relationships can be transited into the following formulations:
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f2 < 0; k2 ¼ 0; f 2 ¼ 0; k2 P 0
  
fN < 0; kN ¼ 0; f N ¼ 0; kN P 0
f1 < 0; k1 ¼ 0; f 1 ¼ 0; k1 P 0
f2 < 0; k2 ¼ 0; f 2 ¼ 0; k2 P 0
  
fM < 0; kM ¼ 0; f M ¼ 0; kM P 0
ð41ÞSimilar to Fig. 5, the constitutive relationships shown in Fig. 6 (a representative concave curve) can be
transited into the following formulations:f 01 < 0; k
0
1 ¼ 0; f 01 ¼ 0; k01 P 0
f 02 < 0; k
0
2 ¼ 0; f 02 ¼ 0; k02 P 0
  
f 0N < 0; k
0
N ¼ 0; f 0N ¼ 0; k0N P 0
f 01 < 0; k
0
1 ¼ 0; f 01 ¼ 0; k01 P 0
f 02 < 0; k
0
2 ¼ 0; f 02 ¼ 0; k02 P 0
  
f 0M < 0; k
0
M ¼ 0; f 0M ¼ 0; k0M P 0
ð42ÞwhereF ¼ K 01ðr  r0 þ k0Þ ð43Þr
K'
-1
K'1
K'2
K'3
F'1
F'2
F'3
F'
r0
F'
-1
Fig. 6. A general concave nonlinear constitutive model.
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f 02 ¼ F  F 02  k02H 02
  
f 0N ¼ F  F 0N  k0NH 0N
f 01 ¼ F 01  F  k01H 01
f 02 ¼ F 02  F  k02H 02
  
f 0M ¼ F 0M  F  k0MH 0M
H 01 ¼
K 01K
0
2
K 02  K 01
; H 02 ¼
K 02K
0
3
K 03  K 02
; . . . ; H 0N ¼
K 0NK
0
Nþ1
K 0Nþ1  K 0N
H 01 ¼
K 01K
0
1
K 01  K 01
; H 02 ¼
K 02K
0
1
K 02  K 01
; . . . ; H 0M ¼
K 0MK
0
ðM1Þ
K 0M  K 0ðM1Þ
ð44aÞ
k01 ¼ ðF  F 01Þ
1
K 01
 1
K 02
 
; when F P F 01 P 0
k02 ¼ ðF  F 02Þ
1
K 02
 1
K 03
 
; when F P F 02 P 0
  
k0N ¼ ðF  F 0N Þ
1
K 0N
 1
K 0Nþ1
 
; when F P F 0N P 0
k01 ¼ ðF  F 01Þ
1
K 01
 1
K 01
 
; when F 6 F 01 < 0
k02 ¼ ðF  F 02Þ
1
K 01
 1
K 02
 
; when F 6 F 02 < 0
  
k0M ¼ ðF  F 0MÞ
1
K 0ðM1Þ
 1
K 0M
 !
; when F 6 F 0M < 0
k0 ¼ k01 þ k02 þ k03 þ    þ k0N þ k01 þ k02 þ k03 þ    þ k0M
ð44bÞIntroducing the slack variables ti and t0i into the above equations, the constitutive relationship becomesfi þ ti ¼ 0
f 0i þ t0i ¼ 0
ki P 0; ti P 0; kiti ¼ 0
k0i P 0; t
0
i P 0; k
0
it
0
i ¼ 0
ð45Þwhich is known as a typical complementary problem in computational mathematics.5. The mathematical programming method
Introducing the initial rod length r* for carrying out the ﬁnite element calculation, Eq. (40) can be rewritten
asF ¼ K1r rrr þ r
r0
r  kr
	 
 ¼ K1 Dur þ rr0r  k	 

K1 ¼ K1r; Du ¼ r  r; k ¼ kr
ð46Þ
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f2 ¼ F  F 2  k2H 2
  
fN ¼ F  F N  kNH N
f1 ¼ F 1  F  k1H 1
f2 ¼ F 2  F  k2H 2
  
fM ¼ F M  F  kMH M
H 1 ¼
K1K2r
K1  K2 ; H

2 ¼
K2K3r
K2  K3 ; . . . ; H

N ¼
KNKNþ1r
KN  KNþ1
H 1 ¼
K1K1r
K1  K1 ; H

2 ¼
K2K1r
K1  K2 ; . . . ; H

M ¼
KMKðM1Þr
KðM1Þ  KM
ð47ÞSimilarly, Eq. (43) can be rewritten asF ¼ K 01
Du
r
þ r
  r0
r
þ k
 
f 01 ¼ F  F 01  k01 H 01
f 02 ¼ F  F 02  k02 H 02
  
f 0N ¼ F  F 0N  k0NH 0N
f 01 ¼ F 01  F  k01H 01
f 02 ¼ F 02  F  k02H 02
  
f 0M ¼ F 0M  F  k0MH 0M
H 01 ¼
K 01K
0
2r

K 02  K 01
; H 02 ¼
K 02K
0
3r

K 03  K 02
; . . . ; H 0N ¼
K 0NK
0
Nþ1r

K 0Nþ1  K 0N
H 01 ¼
K 01K
0
1r

K 01  K 01
; H 02 ¼
K 02K
0
1r

K 02  K 01
; . . . ; H 0M ¼
K 0MK
0
ðM1Þr

K 0M  K 0ðM1Þ
ð48ÞAs for the rod element corresponding to the constitutive condition (40), the total potential energy can be
expressed asP ¼ 1
2
K1
Du
r
þ r
  r0
r
 2
 K1k
Du
r
 F Du
r
" #
r ¼ Pbar  FDu ð49ÞwherePbar ¼ 1
2
K1
Du
r
þ r
  r0
r
 2
 K1k
Du
r
" #
r ð50ÞIn terms of the minimize potential principle, one can obtaineddP ¼ K1
Du
r
þ r
  r0
r
 
 K1k  F ¼ 0 ð51Þ
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Du
r
þ r
  r0
r
 
 K1k ð52ÞEq. (52) is just the equilibrium equation of the considered problem. (Noting that Dur ¼ ouox holds in the limit
state.)
Thus, the system potential energy can be expressed asP3 ¼
XNbar
i¼1
Pibar þPibar
 þ XNbeam
i¼1
Pibeam þPboundary ð53Þwhere Pibar; P
i
bar are the strain energy corresponding the constitutive relationships (40) and (43), respectively.
Pibeam is the strain energy of the ith beam. Nbar and Nbeam are the number of bar and beam elements in the
structure. Pboundary denotes external force potential.
Eq. (53) is a positive deﬁnite quadratic function, so the problem can be solved through the quadratic pro-
gramming method. The governing equations are summarized asmin P3 ð54aÞ
fi þ mi ¼ 0; f 0i þ m0i ¼ 0
s:t: mi  ki ¼ 0; mi; ki P 0; m0i  k0i ¼ 0; m0i; k0i P 0
ð54bÞIn this quadratic programming problem, state variables Du or u participate in the variation of P3, whereas
the control variables ki; k
0
i do not participate in the variational operation, but satisfy the restriction of repre-
senting constitutive relationship. Thus we can call ki; k
0
i as control variables, because they control the whole
variational procedure.
Based on the explanation above, a ﬁnite element formulation for nonlinear analysis of parallel and cross
carbon nanotubes structures can be established. The ﬁnite element formulations are summarized asP4 ¼ 1
2
dTKd t  uk	 
Td ð55Þ
CdMk d þ m ¼ 0 ð56Þ
mT  k ¼ 0; m; kP 0 ð57ÞwhereK ¼
X
e
Z
Xc
NT;iK

1N ;i dXþ
Z
Xc
NT;i K

1N ;i dX
 
þ
X
e
K ebeam
t ¼
X
e
Z
Xc
NTbdXþ
Z
Scp
NTpdS
 !
u ¼
X
e
Z
Xe
K1N
T
;i dXþ
Z
Xe
K 01N
T
;i dX
 
C ¼
X
e
Z
Xe
of
oF
K1N ;i dXþ
Z
Xe
of 0
oF
K 01 N ;i dX
 
¼
X
e
Z
Xe
K1N ;i dXþ
Z
Xe
K 01N ;i dX
 
¼ uT
M ¼
X
e¼1
Z
Xe
of
ok
dXþ
Z
Xe
of 0
ok0
dX
 
; d ¼ 
X
e
Z
Xe
f oe dXþ
Z
Xe
f 0oe dX
 
k ¼ ½kT ; k0T T; m ¼ ½mT ; m0T T
ð58Þwhere d is a displacement vector, K and t are the elasticity stiﬀness matrix of the structure and increment load
vector respectively, which are the same as those used in the analysis of a general elastic structure. K, C andM
are all constant matrixes, unchanging in the incremental step. K ebeam is the stiﬀness matrix of the eth beam ele-
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mechanics and the ﬁnite element method for analysis of truss structures.
To obtain the real results of problem, the ﬁrst order derivative of P4 with respect to d should equal to zero,
and yieldsoP4
od
¼ Kd ukþ t	 
 ¼ 0 ð59Þ
Matrix K is symmetric and positive deﬁnite, we can getd ¼ K1 ukþ t	 
 ð60Þ
Combining Eqs. (60) and (56), (57), the following equations are obtained:m  M  CK1u	 
k ¼ CK1t þ d
kT  m ¼ 0; k; m P 0 ð61ÞFrom the analysis of the previous section we can see that the solution to the mechanical behaviors of nano-
tubes ﬁnally reduces to solve a standard LCP problem given by Eq. (61). Two algorithms, i.e. the self-adjusting
interior point algorithm and aggregate-function smoothing algorithm (Zhang et al., 2005a) are available to
solve the corresponding LCP problem.
6. Numerical examples
6.1. One-dimensional example
This example is established to test the model and program developed. As shown in Fig. 7, this example is a
one-dimensional contact problem, which is composed of two beams (MA, BN) of length L and a contact gap
of length r* described by the constitutive relationship shown in Fig. 8. The beams MA and BN of cross-section
1.0 nm2 are ﬁxed at its left-hand and right-hand ends, respectively. Given that the value of Young’s modulus
for the beams is E = 105 MPa. As shown in Fig. 8, the nonlinear contact constitutive relationship is composed
of k1 = 5100 pN/nm, k2 = 900 pN/nm, k3 = 800 pN/nm, k4 = 600 pN/nm, F1 = 510 pN (r1 = 0.20 nm),
F2 = 0.0 pN (r2 = 0.30 nm), F3 = 255 pN (r3 = 0.35 nm), F4 = 210 pN (r4 = 0.40 nm), F5 = 170 pN
(r5 = 0.45 nm), F6 = 140 pN (r6 = 0.50 nm). The contact force is modeled as a nonlinear bar of cross section
1.0 nm2 in our calculation. Based on the constitutive relationship shown in Fig. 8, one can obtain an analytical
solution r* for a given force F. Table 1 is a group of analytical solutions for the one-dimension contact
problem.
To verify the reliability and eﬃciency of the proposed method, we can decompose the contact constitutive
relationship shown in Fig. 8 into Figs. 9 and 10. Based on the generalized parametric variational constitutive
law and the mathematical programming method, the internal force F is obtained for a given value of r* shown
in Table 1. It can be found from Table 2 that the numerical results are good agreement with the analytical
solutions given in Table 1.
Remark 2. It can be found that the constitutive law used is piecewise linear function for this numerical
example. For a smooth nonlinear force law, the present theory is still eﬃcient by making it piecewise linear. In
this case the precision of the solution can be enhanced by precise approximating the curve constitutive into
linearized one, i.e., increasing the number of the lines. To save the computational cost, combined
mathematical programming and iteration method seems necessary to be used in the computational process, as
discussed by Zhang et al. (1998). This work is addressed here and will be reported in the forthcoming paper.M A NB
Lr*
x
L
Fig. 7. Illustration of one-dimension contact problem.
Fig. 8. The constitutive relationship of the contact force.
Table 1
A group of analytical solutions for the one-dimension contact problem
Force (pN) 300.0 200.0 215.0 200.0 100.0
Contact gap (nm) 0.2291 0.3472 0.4030 0.4205 0.5707
Fig. 9. The decomposition of the contact constitutive curve shown in Fig. 8.
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Based on the above mentioned generalized parametric variational constitutive law for van der Waals force
and the molecular structural mechanics model for the covalent bonds of SWNTs, the adhesion behavior of
two crossed single-walled carbon nanotubes (10,0)@(10,0) and (18,0)@(18,0) is investigated. Fig. 11 shows
the equilibrium conﬁguration of two crossed single walled carbon nanotubes (10,0)@(10,0) of length 5 nm
with initial gap of 0.36 nm under van der Waals force. It can be found that the slight deformation occurs
in the contact region of two tubes and the distance of the walls of single walled carbon nanotubes at the closest
point of contact is 0.32 nm, which is in good agreement with 0.30 nm observed via the experiment based on
scanning tunneling microscopy and spectroscopy (Janssen et al., 2002) and 0.33 nm based on the ﬁrst-principle
study (Yoon et al., 2001). Fig. 12 gives the free equilibrium conﬁguration of two crossed single walled carbon
nanotubes (18,0)@(18,0), which is similar to that of (10,0)@(10,0).
Fig. 10. The decomposition of the contact constitutive curve shown in Fig. 8.
Table 2
Comparison of numerical and analytical solutions
Contact gap (nm) 0.2291 0.3472 0.4030 0.4205 0.5707
Analytical solutions (pN) 300 200 215 200 100
Numerical solutions (pN) 300.0 200.0 215.0 200.0 100.0
Fig. 11. Two (10,0) crossed single walled carbon nanotubes: (a) initial conﬁguration with a given gap 0.36 nm; (b) free equilibrium
conﬁguration with the gap 0.32 nm.
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The adhesion behavior of two parallel single walled carbon nanotubes (10,0)@(10,0) is investigated
with or without the external load applied on the upper tube shown in Fig. 13. The initial gap between
two tubes is assigned as 0.360 nm. Fig. 13(b) shows the free equilibrium conﬁguration of two aligned tubes
with the inter-nanotube separation of 0.324 nm, which agrees well with the result (0.34 nm) based on
molecular dynamics (Ma et al., 2004). Furthermore, Figs. 13(c)–(f) show the adhesion behavior of two
parallel single walled carbon nanotubes (10,0)@(10,0) with diﬀerent loads (0–300 pN) applied on the
atoms of the top one row in the upper tube. It can be found that the contact gap varies slightly from
0.324 to 0.308 nm with the applied load increasing from 0 to 300 pN. Besides, the aligned tubes also
respond to the further applied load by making the tube cross-section be more elliptical. Fig. 14 shows
Fig. 12. Two (18,0) crossed single walled carbon nanotubes: (a) initial conﬁguration with a given gap 0.36 nm; (b) free equilibrium
conﬁguration with the gap 0.33 nm.
Fig. 13. Two (10,0) aligned single walled carbon nanotubes: (a) initial conﬁguration with a given gap 0.360 nm; (b) free equilibrium
conﬁguration under van der Waals force; (c) equilibrium conﬁguration with 2 pN; (d) equilibrium conﬁguration with 15 pN; (e)
equilibrium conﬁguration with 100 pN; (f) equilibrium conﬁguration with 300 pN.
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between the equilibrium gap and the applied load is in nonlinear form, and the equilibrium gap varies
Fig. 14. Gap versus external load.
Fig. 15. Two (18,0) aligned single walled carbon nanotubes: (a) initial conﬁguration with given gap 0.360 nm; (b) free equilibrium
conﬁguration under van der Waals force.
2800 H.W. Zhang et al. / International Journal of Solids and Structures 44 (2007) 2783–2801tardily as the applied load is much larger than 100 pN. This phenomenon is just corresponding to what
has been shown in Fig. 1, i.e. van der Waals force increases nonlinearly when the nonbonded atomic dis-
tance is less than 0.4 nm. The increased van der Waals force will resist the approach of two parallel single
walled carbon nanotubes. Fig. 15 gives the adhesion behavior of two parallel single walled carbon nano-
tubes (18,0)@(18,0). It can be found that the free equilibrium separation is 0.348 nm with initial gap
0.360 nm. Comparing with (10,0)@(10,0), it can observed that the extent of the cross-sectional deforma-
tion increases dramatically with increasing tube diameter.7. Conclusions
Since van der Waals force has the concavity softening behaviors in mechanics, an improved mathematical
programming method for numerical simulation of van der Waals interaction between adjacent atoms is pro-
posed, where van der Waals interaction is modeled as the network of bars in the ﬁnite element analysis. Due to
the application of the mathematical programming algorithm, the proposed method has very good convergence
behavior and accurate predictions of deformation patterns and stress distributions of nanostructures. Numer-
ical examples are computed and the results demonstrate the validity and the eﬃciency of the proposed method.
It is worth noting that for the numerical analysis of nanostructure deformation, there are many other consid-
erations such as dynamic behaviors of the structures. The algorithm developed in present work can also be
applied into these ﬁelds and needs to be implemented in the future.
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